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Abstract A differential elimination method (DEM)
is developed to determine the kinetic coefficients for
substrate self-inhibition. Finite differentiation of the
equation eliminates either K; or Kg, which enables the
equation to be linearized so that g, Kg, and K; can be
estimated without using nonlinear least square regres-
sion (NLSR). The DEM options that eliminate K; or
Ks computed the parameter values exactly when the
data did not contain any errors. If one-point or random
errors were not too large, both DEM options worked
as well as NLSR when data were acquired with
geometric intervals for substrate concentration. The
DEM was more accurate for fitting the data for the
smallest and largest values of S, but relatively weaker
in estimating the observed maximum substrate utili-
zation rate, qmax- 1he estimates for S,,.x, the concen-
tration at which the maximum specific substrate
utilization rate is observed, were relatively invariant
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among the methods, even when Kg and K differed.
When the intervals were arithmetic (i.e., equal
intervals of substrate concentration) and the data
contained errors, the DEM and NLSR estimated the
parameters poorly, indicating that collecting data with
an arithmetic interval greatly increases the risk of poor
parameter estimation. Parameter estimates by DEM fit
very well experimental data from nitrification or
photosynthesis, which were taken with geometric
intervals of substrate concentration or light intensity,
but fit poorly phenol-degradation data, which were
obtained with arithmetic substrate intervals. Besides
providing a reasonable substitute for NLSR, the DEM
also can be used as a tool to diagnose the quality of
experimental data by comparing its estimates between
the DEM options, or, more rigorously, to those from
NLSR.

Keywords Differential elimination method -
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Introduction

Substrate self-inhibition, the slowing of the metabolic
reaction when the substrate concentration is high, has
been observed frequently in the treatment of waste-
waters with high concentrations of phenol or
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ammonium. It is also observed for light intensity with
cell growth during photosynthesis (Wang et al. 1999).
Substrate self-inhibition has been studied by many
researchers (e.g., Andrews 1968; Haldane 1930; Park
and Bae 2009; Vadivelu et al. 2006; Wang et al.
1999), and Eq. 1 shows the generally agreed upon
kinetic expression.

) Q
gs (Ts/K )

q= 32: K
KS+S+K (1+SjKI)+S

in which, q and q are a specific substrate utilization
rate and its maximum value (mgS/mgVSS-d;
VSS = volatile suspended solids), respectively, S is
a substrate concentration (mgS/L), Kg is a half-
maximum-rate concentration (mgS/L), and K| is the
self-inhibition concentration (mgS/L).

The right-hand expression in Eq. | emphasizes
that the maximum specific substrate utilization rate
(numerator) and the half-maximum-rate concentra-
tion (denominator) are affected by the substrate
concentration, a variable. Therefore, simple lineari-
zation methods to find gand Kg for the Monod model,
such as the Lineweaver—Burk treatment, cannot be
used to determine the kinetic coefficients with self-
inhibition. Instead, complicated nonlinear regression
methods have been adopted (e.g., Park and Bae 2009;
Chen et al. 2005; Futamata et al. 2001; Goudar et al.
2000).

The objective of this research is to develop a
simple, but mathematically sound linearization
method to estimate g, Kg, and Kj for substrate self-
inhibition. We test the method with artificially
generated data sets to see how it responds to various
types of errors in the data. We also test it using
experimental data obtained from the literature for
nitrification, photosynthesis, and phenol degradation.
In each case, we compare the results of our simple
method with estimates by nonlinear least-square
regression.

Method development
Existing graphical linear-plot methods
A commonly used approach for estimating kinetic

parameters for enzymes or whole cells is a lineari-
zation of the hyperbolic equation. A classic example
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is the Lineweaver—Burk (LB) treatment (Lineweaver
and Burk 1934) of taking reciprocals of the Michalis-
Menton or Monod substrate-utilization equation.

1 Kgl 1

a4 as ' )
where q and S are input from experimental data. The
values of q and Kg are estimated from the y-intercept
and the slope, respectively. Estimates by the LB
method are affected most seriously from errors for
low q values, because the errors are amplified by
using the reciprocal.

The Hanes-Woolf (HW) method is a modification
of the LB method in which all terms in the LB
equation are multiplied by the substrate concentra-
tion, S (Bailey and Ollis 1986).

25,2 (3)
9 9 4

In comparison with the LB method, the HW method
has an advantage of reducing the amplification effect
of experimental errors for low q values, but a
disadvantage of amplifying errors for high substrate
concentrations.

Linearization by taking reciprocals cannot be
applied directly with self-inhibition. An LB-type
reciprocal treatment of Eq. 1 (Eq.4) or its HW
modification (Eq. 5) is not a linear function:

1 Ks1 1 S
=S (4)
a qS q gk

S Ks S §?

—=—+<+= (5)
q q q gk

An approximation method that relaxes the non-
linearity problem is possible when S is very small,
because the S/GK; term in Eq. 4 (or S*/gK; in Eq. 5)
becomes insignificant. Then, the equations simplify
to the original reciprocal equations for no inhibition.
The serious shortcomings with the approximation are
that it often is very difficult to obtain reliable
experimental data when S is very small, which makes
the method impractical, and that K; cannot be
estimated reliably this way, as the effects of inhibi-
tion are negligible for very small S.

Another linearization technique involves substituting
K with S2_ /Kg, based on the fact that the “optimal”
substrate concentration, which gives the maxi-
mum reaction rate, is expressed as Sp. = vKsKi
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(Wang et al. 1999; Kotturi et al. 1991). Thus, a linear
equation is obtained from Eq. 4.

1 1 Ks/1 S
L, Bl 5 6
q q+q<S+Sz> ©)

max

where (1/S + S/Silax) is the independent variable.
The Spax value must be estimated independently
from a set of experimental data for q versus S (Wang
et al. 1999), and the accuracy of this method depends

on the accuracy in the estimation of the S,.x.

Linearization by differential elimination method
(DEM)

We propose a simple and mathematically sound
differential elimination method (DEM) to obtain
kinetic parameters for substrate self-inhibition. The
method linearizes the self-inhibition equation by
eliminating either K; (called the K;j-elimination
option) or Kg (the Kg-elimination option). The
remaining two parameters (q and Kg in Kj-elimination
option, or q and Kj in Kg-elimination option) are
graphically estimated using experimental data. Then,
the third parameter can be determined with Egs. 4 or 5.

For K;-elimination, the LB-type reciprocal expres-
sion in Eq. 4 can be divided by S to give

D N
qS g8* asS 4K

(7)

Taking finite differences for Eq. 7 gives
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A rearrangement of Eq. 8 by dividing both sides by

(Sit1 — SP/(SiSiy1) gives

Si/Qivt —Sis1 /g _ KAs(i_F 1 )+l
(Si = Sit1) q°'Si Siyi” q

©)

Equation 9 has eliminated K; and is linearized with
the independent parameter (1/S; + 1/S; ;). The q and
Kg values can be found from the intercept and slope
of Eq. 9, respectively. Equation 8 resembles Eq. 2,
but is more complicated because the dependant
variable involves finite differences. Since the q
values are taken as reciprocals, an amplification of
the error in low q values may take place, as it does in
the traditional LB treatment.To determine K;, Eq. 4
can be rearranged to

1o =2 (10)

In Eq. 10, S in the right-hand term is an independent
variable, whereas the left-hand terms constitute a
dependent variable. With q and Kg known from
Eq. 9, K; can be estimated from the slope of a
graphical presentation of the data with Eq. 10.

A similar treatment can be applied to the HW-type
reciprocal equation (Eq. 5) for Kg-elimination.

S, S Ks S; 2 Ks S S?
= (TS+7+A ‘ ) — <TS+ =y :“)
4 it qa q aK q qa aK

1 1
= (q—KI(Si + Siv1) + a) (Si — Sit1)
(11)
Rearranging leads to

Si/qi — Sis1/dit 1 1
—_— T = —(§; +Si41) += 12
(Si — Sit1) qKI( i+ i) q (12

This linearization gives q from the y-intercept and K;
from the slope when the independent variable is
(S; + Siy1). Equation 12 is similar to Eq. 9 in that
the q values are in a reciprocal form. Again, the third
unknown, Kg, can be determined by rearranging
Eq. 4 to

qg S 1

i_ﬁ_l_K% (13)
We evaluate the Kj-eliminated approach (Egs. 9, 10)
and the Kg-eliminated approach (Egs. 12, 13) with
artificially generated data and experimental data. We
compare the results from each approach with each
other and against those from nonlinear least square
regression.
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Materials and methods
Error test for differential elimination method

We investigated the ability of the differential elim-
ination method (DEM) to extract parameter values
from artificially generated data sets having charac-
teristic types of errors. First, two sets of error-free
data for q versus S were generated by setting 5 mgS/
mgVSS-d for g, 10 mgS/L for Kg, and 100 mgS/L for
K;. We used six pairs of data points, which is typical
for experimental data. The intervals of the indepen-
dent variable (substrate concentration) were assigned
in two ways: geometric or arithmetic. The values of q
for the test values of S are given in Table 1.

We then introduced errors to the data sets using
three characteristic types: uniform, one-point, or
random. Uniform errors were generated by multiply-
ing the calculated true q values (Table 1) by 1.1,
corresponding to +10% errors. One-point error was

Table 1 Error-free data sets for substrate inhibition with two
different schemes of data-acquisition intervals

Geometric interval of S Arithmetic interval of S

Concentration, Specific rate, Concentration, Specific rate,

S (mgS/L) q (mgS/ S (mgS/L) q (mgS/
mgVSS-d) mgVSS-d)

1 0.45 40 3.03

3 1.15 80 2.60
2.27 120 2.19

27 3.05 160 1.88

81 2.59 200 1.64

243 1.44 240 1.45

q: 5 mgS/mgVSS-d, Kg:10 mgS/L, and K;: 100 mgS/L

applied to a single datum, which was a q value that
corresponded to the lowest, a middle (the third from
the beginning), or the highest value of S. Random
errors were generated randomly, but maintaining the
normal distribution property of the errors. Four errors
in the range of 0 to 5% of the true value (0, —1, 3,
and 5%) and two in the range of £5 to +10% (—5
and 7%) were generated randomly using the ‘Matlab
ver. 7.0” program. The results roughly correspond to
a normal distribution of errors whose standard
deviation was 5% (¢ = £5%). Then, the errors were
imposed upon the q values one each in a random
manner. For a thorough test, 15 sets of data with
random errors, but in different sequences, were
generated. Two of the data sets are shown in Table 2
as examples. Additional extensive data sets with
errors (not shown) also were generated and tested as
needed to see the performance and characteristics of
the DEM. Particularly, we generated 3,000 data sets
(1,000 data sets for each error level, 5, 10, and 15%)
for testing DEM with six points having geometric
intervals, utilizing the function of Matlab 7.0,
‘randn’, which generates random data from a stan-
dard normal distribution curve. Then, we prepared the
normally distributed error data with the conditions of
mean (on average for all sets) = 0 and ¢ = 5, 10, and
15%. Although we did not adjust each set of data to
have mean = 0, the mean of errors of the whole
1,000 data sets approached 0. For example, the mean
of errors for the 1,000 data sets with 15% error level
was 0.09%. The 15% error level provided several
extreme cases, in which a point error was as high as
54%. The data with extreme errors tested the
performance of DEM and nonlinear least square
regression (NLSR) rigorously. These added data sets
are further explained as the results are presented.

Table 2 Two examples of

data sets with random errors Error set 1 Error set II

on q in geometric intervals Concentration,  Specific rate, Error Concentration,  Specific rate, Error
S (mgS/L) q (mgS/mgVSsS-d) (%) S (mgS/L) q (mgS/mgVSS-d) (%)
1 0.45 -1 1 0.43 -5

1.09 -5 3 1.20 5

9 2.34 3 243
27 3.20 5 27 3.14
81 2.77 7 81 2.59
243 1.44 0 243 1.43 —1
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Selection of experimental data from the literature

We tested the performance of the DEM with three
sets of experimental data from the literature. The
experiments were on nitrification, photosynthesis,
and phenol biodegradation, which are known to
exhibit substrate self-inhibition. Among the data sets,
the nitrification and photosynthesis experiments
adopted a geometric interval for substrate concentra-
tion, whereas the phenol biodegradation experiment
used an arithmetic interval. We compared the
parameter values found from the DEM to those from
nonlinear least square regression (NLSR).

The nitrification data, obtained from Park and Bae
(2009), involved batch oxidation of ammonium
(initial concentrations: 5-450 mgN/L) by a pre-
acclimated mixed-culture sludge at constant temper-
ature and pH. In the case of photosynthesis, Wang
et al. (1999) cultivated a cyanobacterial strain,
Synechococcus sp., with medium containing ethanol.
Various light intensities were applied by tungsten
lamps ranging from 1 to 20 klux. The strain was
genetically modified such that ethylene was produced
during photosynthesis. The ethylene concentration in
the exhaust gas from the vessel was measured by a
gas chromatography. The specific production rate of
ethylene as a function of light intensity showed a
typical substrate self-inhibition pattern. For phenol
biodegradation, data were obtained from Goudar
et al. (2000), who used mixed-culture sludge in batch
experiments with initial phenol concentrations from
100 to 1,300 mg/L. They concluded that the Andrews
self-inhibition model was the best suitable among
nine different kinetic models.

The data from Park and Bae (2009) were taken
from the original data files. The data of photosynthesis
and phenol biodegradation were estimated from the
figures in the papers of Wang et al. (1999) and Goudar
et al. (2000), respectively. The graphs were scanned
by using HP C4128 with 600dpi resolution, each
image was imported to Origin pro 7.5 (Microcal
software, Inc.), and the coordinates of each datum
were read by a PC from the scanned image.

Nonlinear least-square regression (NLSR)
We adopted NLSR as areference to evaluate the results

from the DEM. The concept of NLSR is based on the
partial differentiation equation of each kinetic

parameter and a matrix technique such as Gaussian
elimination (Bates and Watts 1988). Equation 1 is
adapted into the general statistical model
(y = f(xi, B) + &) assumed for the NLSR problems. y
denotes the response (dependent) variable, x denotes
predictor (independent) variables, f§ (unsubscripted)
denotes the vector of unknown parameters to be
estimated, and ¢ is an estimator value. We used the
function for nonlinear regression in Origin pro 7.5
(Microcal software, Inc.) for the calculation by NLSR.
After Eq. 1 was created in the function database, data
were input to the spreadsheet, and the nonlinear
regression function was run to best fit the three
dependent variables.

Results and discussion
Responses to artificial errors
With error-free or uniform-error data

The DEM, as well as NLSR, estimated perfectly
accurate parameters with the error-free data given in
Table 1. Kj-elimination, Kg-elimination, and NLSR
gave exactly the same (and correct) parameter
estimates using the data with geometric interval and
arithmetic intervals.

When 10% uniform errors were imposed upon the
q values in the data, the DEM and NLSR estimated
exactly the same parameters again. This time, the
estimates for Kg and K; were correct, but the
estimated q was 10% higher than the true value,
since each q value contained +10% errors.

With one-point error

The linearization results with Kg-elimination for data
containing one point error are shown in Fig. 1 (for
geometric-interval data) and Fig. 2 (for arithmetic-
interval data). The differential elimination equations
gave, in general, higher R? values and less systematic
errors with the geometric-interval data than with the
arithmetic-interval data. The K;j-elimination option
gave similar results (data not shown).

All results are compiled in Table 3, including those
from NLSR. In general, one point error with arithme-
tic-interval data made it impossible to estimate the
parameters accurately with any method. The estimated
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Fig. 1 Influence of one point error with geometric-interval
data using the Kg-elimination option. (x: point error at 1 mgS/
L, O: point error at 9 mgS/L and A: point error at 243 mgS/L).
a Determining q and Ky; b determining Kg

Ks values were even negative in some cases. The
sensitivity to one point error probably was caused by
the fact that the arithmetic intervals had no values at
low substrate concentration (e.g., S value lower than
Ks), where q is most sensitive to S. This indicates that
an experimental design with arithmetic intervals may
have a high risk of generating unreasonable parameter
estimates. In addition, a data set that gives very
different parameter estimates among the estimation
methods might be considered unreliable.
Kg-elimination and Kj-elimination gave similar
results when the data were taken with geometric
substrate-concentration intervals. Comparing DEM
and NLSR, the latter gave better results, particularly
when the point error was imposed on the lowest q. This
difference probably occurred because the linearized
curves expressed in Eqgs. 9 and 12, in which q is taken
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Fig. 2 Influence of one point error with arithmetic-interval
data using the Kg-elimination method. (x: point error at
40 mgS/L, O: point error at 120 mgS/L and A: point error at
240 mgS/L). a Determining § and Ky; b determining Kg

as a reciprocal, amplify the impacts of low q values.
An error in q near the middle range of substrate
concentration affected DEM estimation the least.

In the case of geometric intervals of S, the
estimated S, values were close to each other
among the methods (and to the true value) in spite of
somewhat significant errors in estimating Kg and Kj.
The estimates for Kg and Kj tended to move away
from the true values in opposite directions (i.e., when
the estimated Kg is smaller than the true value, the
estimated K is larger than its true value), preventing
the estimate of S;,,x from deviating too much (recall
that S;.« = v/KsK). This pattern is advantageous in
a process design for which the goal is to maximize
the reaction rate by staying near S = S,.«-

The estimates of quax (q at Sphax) by the two DEM
options were identical, but slightly different from the
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Table 3 Summary of test with one 10%-point error

Location of error Method Geometric interval of S Arithmetic interval of S
q Ks K; Sinax Qmax q Ks Ky Sinax
q For lowest S K elimination 4.3 7.6 126.6 31.0 29 4.4 —-0.7 119.0 -
Ky elimination 43 7.6 1224 30.6 2.9 4.4 0.28 119.5 5.8
NLSR 4.9 9.7 101.9 314 3.0 4.5 1.3#107° 114.9 0.0
q For middle S (3rd) K; elimination 54 10.8 90.1 31.1 32 6.5 23.9 70.4 41.0
Ks elimination 5.4 10.8 88.9 31.0 32 6.4 20.5 71.1 38.2
NLSR 5.0 9.1 97.5 29.8 3.1 6.2 21.6 75.8 40.5
q For highest S K elimination 4.8 9.5 123.5 342 3.1 2.7 —10.0 322.6 -
Kg elimination 4.8 9.5 123.7 342 3.1 2.6 —124 352.5 -
NLSR 4.7 9.0 120.8 33.0 3.0 4.1 2.8 142.3 20.0
True value 5 10 100 31.6 3.1 5 10 100 31.6

Units: Q, Qmax (q at Spax) = mgS/mgVSS-d; Ks, K, and S;.x = mgS/L

estimates by NLSR. Though the § values estimated two elimination options (Ks- and Kj-elimination)
by the DEM had slight errors, the §/Kg ratios were show almost the same results as long as the data
very close to the true value (0.5). This resulted from intervals for S were geometric. Again, none of the
the pattern that the estimates for q and Kg usually methods gave satisfactory results with arithmetic
deviated in the same direction from their true values. intervals for S, and the estimates were very different
Having an accurate and stable estimate of ¢/Kg is from each other, even between the two DEM options.
advantageous when the process goal is to maintain a This observation leads to the conclusion that a
low substrate concentration, since Eq. 1 simplifies to significant disagreement in the parameter estimation
q = SG/Ks when S is very small. Finally, the gK; between the two DEM options indicates significant
value tended to be close to the true value (500), structural errors in the dataset.
which is advantageous for accurate predictions of the With geometric intervals, the DEM gave as good
reaction rate at a very high substrate concentration, as results as the NLSR did for g, Kg, and K;. However,
Eq. 1 simplifies to q = qKy/S at this condition. the standard deviations by the DEM were slightly
larger, reflecting that the DEM can be more sensitive
With random errors to random errors: The error in the Kg estimates by the
DEM was as high as 40%, whereas that by the NLSR
Table 4 summarizes the results obtained with random was only 26% (data not shown). However, the
errors. Each value represents the mean =+ standard average (max values in Table 4 were the same and
deviation from the estimates for the 15 data sets. The almost exact, the standard deviations by the DEM

Table 4 Summary of random-error tests

Method Geometric interval of S Arithmetic interval of S

q KS K] Smux (max q KS KI Smax

K; elimination 5.2 £0.5 104 £1.6 990+ 164 31.7 £ 1.1 3.13 £0.13 11.2+21.5 658 £ 1951 106.8 £ 61.5 83.8
Ks elimination 5.2 £0.5 104 £ 1.6 992 + 158 31.7 £ 1.0 3.13 £ 0.13 —1.4 £ 27.7 —-52.1 &£ 2575 1164 £ 748 -

NLSR 52+£04 103 £15 965+13.7 313 +13 3.13+£0.10 5820 17.0 £ 18.0  98.7 £ 41.2 41.0
True value 5 10 100 31.6 3.1 5 10 100 31.6

Units: q, qmax = mgS/mgVSS-d; Ks, Ky, and S,,x = mgS/L
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were slightly bigger than that by NLSR. Despite the
slight inferiority of the DEM in .« estimation, it
gave superior estimates for S,,,x, as seen by mean and
standard deviation for S, in Table 4.

In general, the DEM gave good results when the
percent errors in q at both extremes of the dataset
were small (e.g., set I in Table 2), but relatively poor
results when the errors in q were simultaneously large
at both extreme (e.g., set II in Table 2). NLSR was
not particularly affected by these conditions.

Figure 3 shows the fitting of the data in Table 2
with the parameters estimated by the different
methods. Table 5 summarizes the estimated param-
eters from the two example data sets. With error set |
(Fig. 3a), the DEM parameters resulted in a small
under-estimation of the experimental data, but the

1 0_- e Data with random errors

Specific substrate utilization rate, ®
g (mgS/mgVSS-d)

Error free curve
] ----NLSR
054 e DEM(K,-elimination)
0.0 T T T T T
0 50 100 150 200 250

Substrate concentration, S (mg/L)

e Data with random errors

1.0 1

Specific substrate utilization rate, &
g (mgS/mgVSS-d)

Error free curve
E ----NLSR
054 e DEM(KS-eIimination)
0.0 T T T T T
0 50 100 150 200 250

Substrate concentration, S (mg/L)
Fig. 3 Best-fit curves by DEM and NLSR for the geometric-

interval data sets with random errors in Table 2. a Error set I, b
Error set II
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parameter values were closer to the true value than by
NLSR. With error set II, which had negative errors in
q at the both extremes of substrate concentration, the
two DEM options did not fit the data as well as the
NLSR method, especially near the maximum ¢, and
the parameter estimates were not as close to the true
values.

Table 6 summarizes the mean and standard devi-
ation of the squares of residuals of q, (qgaa — qmodel)2
calculated from the 15 data sets for each substrate
concentration. The squares of residuals with the DEM
were smaller at the lowest and highest substrate
concentrations than were those of NLSR. However,
they were substantially larger at the middle range,
causing the residual sum of the squares (RSS,
5™ (data — Gmoder)”) to be substantially larger than
for NLSR. From these observations and those for the
one-point error, we conclude that the DEM is most
accurate for fitting the data near both extremes (e.g.,
smallest and largest S), but relatively weak in
estimating the q when the data contain errors.

Effects of sampling intervals and distribution

Sampling using arithmetic intervals for S did not give
satisfactory results when the data contained errors. A
critical weakness in the arithmetic-interval data was
that it contained few data points at relatively low S
(e.g., lower than S,,,,). Thus, we generated two sets
of data, one for arithmetic and the other for geomet-
ric, for a similar range of S: arithmetic intervals—27,
262, 497 and 732 mg/L, and geometric intervals—27,
81, 243, 729 mg/L. We then imposed six sets of
random errors that ranged from 0 to 6% on the q
values. The results, summarized in Table 7, make it
obvious that the geometric intervals always gave
better results than the arithmetic interval did for all
methods. Geometric intervals produced always-real-
istic values, even though the number of samples was
small. On the other hand, arithmetic intervals allowed
negative values for Kg, and which range for all
parameters.

Effects of the error level: comparison DEM options
with NLSR

Table 8 shows the parameter estimates by DEM with
the 1,000 data sets of three different levels of random
errors. With 5% error level, the results were
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Table 5 Parameter estimation for the two example data sets in Table 2
Method Error set 1 Error set 11
q I(S I(I Smax Jmax q I(S I(I Smax Jmax
K; elimination 52 10.5 97.1 31.9 3.1 6.5 14.1 68.0 31.0 34
Ky elimination 5.2 10.5 96.9 31.9 3.1 6.5 14.0 69.8 31.0 34
NLSR 5.7 12.4 85.3 325 33 5.2 9.9 90.8 29.9 3.2
True value 5 10 100 31.6 3.1 5 10 100 31.6 3.1
Units: q, qmax = mgS/mgVSS-d; Ks, Ky, and S,,x = mgS/L
Table 6 Average square of . . N
residuals for q, calculated Corresponding S (mg/L) K; elimination Kg elimination NLSR
f;"%ﬁ{}? 15 data sets 1 0+0 040 748
19 +£ 22 16 £ 19 29 £+ 32
9 106 + 110 111 + 119 46 + 48
27 156 + 204 177 £ 238 26 £+ 28
81 120 + 139 138 + 167 31 £42
243 1+1 3+2 21 £ 34
Sum (RSS) 403 + 276 446 + 337 160 + 120

Table 7 Summary of estimated parameters with six sets of data with various random errors

Method Geometric interval of S (27, 81, 243 and 729 mg/L) Arithmetic interval of S (27, 262, 497 and 732 mg/L)
q Ks Ky q Ks Ky

K; elimination 4.3-5.2 6.0-10.4 92.6-125.0 3.2-6.6 —1.5-18.3 70.9-175.4

Kg elimination 4.3-5.2 5.6-9.5 91.6-128.7 2.9-6.5 —4.5-18.0 73.7-202.8

NLSR 44-73 5.7-25.0 59.0-124.9 3.7-16.3 0.7-89.3 26.3-150.6

True value 5 10 100 5 10 100

Table 8 Parameter estimates by DEM with 1,000 data sets (Geometrically spaced data)

Error level K; elimination Ks elimination

q Ks Ky q Ks K;
5% (o) 51+£0.7 102 £ 1.9 104.0 £ 9.0 5.1+£0.7 10.0 £ 0.9 101.1 £ 20.7
10% (o) 55+19 11.6 £ 5.6 108.4 £ 19.5 55+19 113 £ 2.1 106.3 + 46.3
15% (o) 7.0 £ 10.1 16.8 + 31.5 132.6 £ 70.3 7.0 £ 10.1 234+ 78 132.8 £ 107.5

satisfactory and similar to those in Table 4. As the
error level increased, the quality of estimation got
worse in degree, particularly when ¢ = 15%.

Table 9 shows the comparison between DEM and
NLSR for the 15% error level. For this analysis, we
randomly picked 100 sets of data from the 1,000 sets.
The reduction of the sample size was necessary,
because the NLSR calculations excessively time-

consuming. (This is one reason why DEM is bene-
ficial.) Overall, NLSR was superior to DEM, but the
difference was relatively small.

We identified the extreme cases of parameter
estimation out of the 100 data sets: 10 cases of
inferior DEM estimates and 8 cases of inferior NLSR
estimates. The results are given in Table 10. Each of
the 10 cases giving unacceptable results with DEM
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Table 9 Comparison of DEM and NLSR with 100 data sets of 15% error level

15% (o) K; elimination NLSR Kg elimination
q Ks Ky q Ks Ky q Ks Ky

Average 8.2 214 118.5 6.7 16.1 106.6 8.2 14.8 109.7
Standard deviation 234 71.5 32.0 4.8 16.9 75.1 234 4.1 714
Table 10 Extreme estimates by DEM options and NLSR
15% (o) DEM: 10 among 100 sets NLSR: 8 among 100 sets

NLSR Ks elimination K; elimination NLSR K elimination K; elimination
q 6.2 35.8 35.8 232 5.5 5.5
Ks 11.9 31.6 121.2 74.9 13.5 12.0
K; 90.4 8.5 78.7 17.0 95.8 90.1

had a negative q or K; lower than Kg, both of which
are unrealistic. The unacceptable results with DEM
happened when the data set contained large errors at
the both ends of substrate concentrations, since DEM
fits those end-points data better (refer to Table 6).
However, NLSR gave reasonable estimates when
DEM failed. The 8 cases of unacceptable results with
NLSR also had K; < Kg. These cases were charac-
terized by errors at specific data points (27 and
81 mg/L of S in our case) within which the apparent
maximum value of q was observed. It happened
whenever one of the data points had a positive
extreme error and the other had a negative extreme
error. When NLSR gave unacceptable results, DEM
gave reasonable estimates. Thus, the two methods
were complementary each other.

As we do not know the true parameter values in
reality, DEM can be used as a diagnostic tool to
evaluate the appropriateness of the data obtained by
comparing the results from NLSR. If both methods
give nearly the same results, then the data sets and
parameter estimates should be reliable. If the param-
eter values differ or if one estimation method gives an
unrealistic result (e.g., negative q or K; < Kg), the
data set probably has a serious error that can be
diagnosed.

Application of DEM to experimental data
The DEM options were applied to the experimental

data in Fig. 4 to estimate the self-inhibition kinetic
parameters for nitrification. Evaluating the data

@ Springer

according to the linearization equations gave good
linearity, as shown in Figs. 5 and 6. The calculated
parameter values are presented in Table 11. In
particular, the Kj-elimination option gave R* values
that were almost 1, had no systematic error, and
yielded values very close to the estimates by NLSR.
Overall, the three methods gave almost identical
estimates, implying that the experimental data were
reliable. Although the data set had only four data-
points, the sampling intervals were geometric and
evenly distributed at both sides of S;,.x. The Spax
estimates indicate that the maximum nitrification rate

25 -
2.0
1.5
1.0

0.5

0.0

T T T T 1
0 100 200 300 400 500

Ammonium concentration (mgN/L)

Specific ammonium utilization rate (mgN/mgVSS-d)

Fig. 4 q versus S for nitrification (Data from Park and Bae
(2009)). The solid line is a fitting with the parameters estimated
by DEM (Kj-elimination)
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Fig. 5 Linearization of the nitrification data by K; elimination.
a Determining q and Kg; b determining K

could be achieved around 140 mgN/L. Finally, the
solid line in Fig. 4, drawn using the parameters
estimated by the Kj-elimination option, fits the data
very well over the entire range.

Figure 7 shows data obtained by Wang et al.
(1999) from recombinant cyanobacteria that pro-
duced ethylene during photosynthesis. They esti-
mated [ instead of q by assuming that ethylene
production was proportional to cell growth. The data
were linearized almost perfectly (R2 > 0.98, no
systematic error) by either K; or Kg elimination.
Consequently, the estimated values of parameters
were almost identical between the two elimination
options and very close to those by NLSR and the
estimates by Wang et al. (1999): 2.88 nL/mL/OD730/
min for j, 0.516 klux for Kg, 9.29 klux for Kj, and
2.19 klux for S,.« (Table 11). Consistent with the

0.6 -
0.5
0.4

0.3

0.2+ y= 0.0005x + 0.2984, R?= 1.00

(Si/qi'Si+1/qi+1)/(Si'Si+1)

0.1 1

0.0

T T T T T T 1
0 100 200 300 400 500 600 700
Si+Si+1

061  y=37.1x, R?=0.94

0.4 1

d/q-S/K, -1

0.2

0.0 T T T T T T T T
0.000 0.005 0.010 0.015 0.020
1/S

Fig. 6 Linearization of the nitrification data by Kg elimina-
tion. a Determining q and K;; b determining Kg

synthetic data, the S,,x estimates were more similar
than the Kg and Ky values. The solid line in Fig. 7,
drawn using the parameters estimated by the Kj-
elimination option, gives an excellent fit for the entire
range of light intensity.

Data with an arithmetic substrate interval were
tested by utilizing the data of phenol degradation by
Goudar et al. (2000). The data are shown in Fig. 8. As
shown in Figs. 9 and 10, the data after treatment by
the DEM did not linearize well. The estimated
parameter values by the DEM methods, summarized
in Table 11, are quite different from NLSR. Esti-
mated values for jivaried as much as 2.4-fold, 3-fold
for Kj, and and 23-fold for Kg. Most of all, such a
huge difference in results between the methods may
indicate that data acquisition was inappropriate and
supports that data generation with an arithmetic
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Table 11 Parameter values for estimated by all methods

Method q KS KI Smax Qmax

Nitrification Park and Bae (2009)
Elimination method

K 3.34 322 588 138 2.28

Ksg 3.35 33.0 597 149 2.24
NLSR 3.40 327 572 137 2.30
Method ‘aa I(S I(I Smax ﬂ?nax

Photosynthetic self-inhibition (Wang et al. 1999)

Elimination method

K; 2.86 0.518 9.44 2.20 1.95
Ks 2.86 0.513 9.46 2.21 1.95
NLSR 293 0.541 9.04 221 1.97

Phenol degradation (Goudar et al. 2000)
Elimination method

K; 0.43 0.10 0.17 0.13 0.17
Ks 0.57 0.18 0.12 0.15 0.17
NLSR 0.24 0.008 0.37 0.05 0.19

Units for nitrification: §, Qmax = mgN/mgVSS-d; Ks, K; and
Smax = l’l'lgN/L

Units for photosynthesis: [l, [nax = nL/mL/OD730/min; Kg,
K; and S,,.« = klux

Units for Phenol degration: i, ,umax:hfl; Ks, K; and
Smax = g/L

* [t and pp. are, respectively, the maximum and observed
maximum specific ethylene production rates

2.0 +

—_
()]
1

Specific production rate
(nL/mL/OD, , /min)
.o —
[$)] o

0.0

T
0 5 10 15 20
I, (klux)

Fig. 7 Specific production rate of ethylene by recombinant
cyanobacteria as a function of light intensity (Data from Wang
et al. (1999)). The solid line is a fitting with the parameters
estimated by the DEM (K;j-elimination)
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Fig. 8 Microbial specific growth rate at various initial phenol
concentrations. (Data from Goudar et al. (2000)). The solid line
is a fitting with the parameters estimated by the DEM (K-
elimination). The dashed line is a fitting by NLSR
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Fig. 9 Linearization of the data for phenol degradation using
K; elimination. a Determining g and Kg; b determining K;
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Fig. 10 Linearization of the data on phenol degradation using
the Kg elimination. a Determining q and Kj; b determining Kg

interval for substrate concentration can introduce
problems when applying the DEM. The solid curve in
Fig. 8, which was drawn using the estimates by the
Kj-elimination option, fits the data poorly in com-
parison with that in Figs. 4 or 7. Quite significant
deviations occur with high-u data-points compared to
the dashed curve by NLSR, which again indicated
that the data sets were inappropriate for parameter
estimation in terms of the substrate intervals and/or
magnitude of errors.

Conclusions

The differential elimination method (DEM) linearizes
the substrate self-inhibition equation so that g, Ksg,

and K; can be estimated without using non-linear
least square regression (NLSR). The Kj- and Kg-
elimination options estimated the parameter values
exactly when the data did not contain any error.
When one-point or random errors were not too large,
the DEM worked as well as NLSR, as long as the data
were acquired with geometric intervals of substrate
concentration, and both elimination options gave
almost the same results. The DEM was most accurate
for fitting the data near both extremes of S, but
relatively weaker in estimating the observed maxi-
mum substrate utilization rate, qu.x. The estimates
for S;hax, the concentration at which g« is observed,
were relatively invariant among the methods, even
when Kg and Kj differed. When the intervals were
arithmetic (i.e., equal) and the data contained errors,
the DEM options and NLSR estimated the parameters
poorly and differently. Thus, collecting data with an
arithmetic interval increases the risk of poor param-
eter estimation. The best estimation was obtained
when the substrate intervals were geometric and the
data points evenly distributed on both sides of S,.x.
Besides providing a reasonable substitute for NLSR,
the DEM options also can be used as a tool to
diagnose the quality of experimental data by com-
paring its estimates between the DEM options, or,
more rigorously, to those from NLSR.
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